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Abstract-The parabola, in parametric form, is discussed as a suitable approximation to curved boundaries. 
The four degrees of freedom are specified locally by Hermite interpolation. This piecewise curve 
approximation can then be thought of as a locally defined C’ spline. A geometric norm, i.e. one which is 
invariant under the axes change is constructed and the approximation technique is analysed in this norm. A 
selection of graphical studies of piecewise approximations to a variety of curves, using this method, is given. 
INTRODUCTION 
In fluid problems the shape of the body dictates the entire flow pattern and consequently the 
body shape should be altered as little as possible. At the moment, all finite element methods 
approximate (I curved boundary in some manner. Isoparametric methods imply a subset of the 
rational curves, for example, parabolas if the basis is second order and special cubic curves, 
which may include parabolas, if the basis is third order[3]. Other techniques, e.g. rational 
basis[4] or high order transformation methods[2] can handle more general curves, though the 
computation is eased by the simple choice of parabolas. 
In the above methods as practised, the piecewise parabolic approximations to the boun- 
daries are C? continuous, which seems inadequate for fluids problems, where even in the 
simplest case of inviscid incompressible flow, past a body, any discontinuity in slope of the 
boundary of the obstacle produces a local infinite velocity. Consequently in the present paper 
we develop piecewise parabolic approximations to the curved boundary which are C’ con- 
tinuous. 
Standard techniques of quadratic spline approximation already exist which yield C’ curves 
but these methods are extremely sensitive to the number and location of the nodes on the 
boundary resulting often in oscillations of the approximating curve. Piecewise parabolic C’ 
splines defined partially by Hermite interpolation have been produced by Daniel [11, but these 
were restricted to function approximation. These interpolated function and derivative midway 
between alternate pairs of nodes, there being insufficient degrees of freedom to accomplish 
Hermite interpolation at every node. 
PIECEWISE C’ PARABOLIC BOUNDARY 
Many boundary shapes in fluids have points of inflexion (e.g. airfoil sections). It is essential 
that such points are chosen as nodes, since a parabola does not have an inflexion point. 
Each parabolic arc has four degrees of freedom. These are used up by specifying the 
position and slope at the end points (nodes) of the arc. This is equivalent to Hermite 
interpolation. Thus the approximation is.local in nature and so preserves the convexitylcon- 
cavity of the original curve. The local nature of this technique as opposed to the global 
behaviour of the more traditional spline approach is particularly suitable for interactive 
graphics modelling of complicated geometrical shapes ince the addition or deletion of a node 
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or the change of the slope at a node affects the approximation only in the immediate vicinity of 
the change. 
NOW consider a parabolic arc between the nodes (Xi, yi) and (xi+,, yi+l) on the given curved 
boundary to be given by 
x=as2+bs+c, 
y=ds’+es+f, 
(1) 
where a, 6, c, d, e and f are constant coefficients and s E [0, 11. The given curve is taken to be 
C3. Between the nodes its equation is 
x = A(t), 
(2) 
y = B(t), 
where t E [tip ti+i]. From (l), Hermite interpolation of position and slope at the end points of the 
arc leads to 
with 
Xi(S)= -a$'+(ai + Xi+1 - Xi)S + Xi* 
Yi(S) = -IQ2 + (pi + Yi+, - yi)S + yi7 
Q1, = 2(Yi+l - Yi) + (4 - &+,Kfi + fi+,) 
I 
fi -fi+, 
Pi = 
2(Xi - Xi+dfifii+t - (Yi - Yi+Wi + fi+l) 
fi -fi+l 
(3) 
(4) 
where fi and fi+l are the slopes of the parabolic XC at the nodes (xi, yi) and (xi+,, yi+i) 
respectively. The initial choices of fi(ti)/A(ti) and B(ri+i)/A(ti+i) for fi and fi+,, where a dot 
denotes differentiation with respect to t, are likely to be satisfactory in most cases. Note that 
for a parabola fi# fi+l. 
The parabola given by (3) can also be obtained from the usual quadratic isoparametric 
transformation 
x = f: Xiwi(P7 q), 
j=l 
Y = ,$, YiWPv 419 
(5) 
where the intermediate point (X, Y) on the curved side has been chosen to satisfy 
X = i CYi + i (Xi + Xi+,), 
y=fBi+~(Yi+Yi+,). 
(6) 
Any cubic isoparametric transformation, whether it be Lagrange or Hermite can also be used to 
produce the peicewise parabolic C’ boundary where each arc is given by (3)[3]. 
CHOICE OF NORM 
A realistic norm is now sought for measuring the difference between the given curve and the 
piecewise C’ parabolic approximation. Standard norms like L2 and L, are axis dependent and 
so are unsuitable for fluids problems where closed curves leading to locally infinite slopes often 
arise. Consequently, we choose a norm which is axis independent. 
Consider .the approximation between the nodes (Xi, yi) and (xi+,, y;+,). The line through the 
point (A(t), B(t)), t E [ti, ti+1], with gradient @Jai (i.e. the gradient of the axis of the parabola) 
meets the parabola t the point (x(s(t)), y(s(t))) where 
s(t) = 
PAxi - A) - dYi - B) 
dYi+l - Yi) - Pitxi+l - xi)’ 
(7) 
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The distance, di(t), between these points is given by 
d:(t) = [A(t) - x(sWl* + [B(t) - YW)N*. 
Define 
p (t) = 
2 
[s’” 4%) df I”* 
I 
4+1 
(A’+ Lj*)“* dt 
1; 
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(9) 
as a measure of the error in each arc for any type of piecewise parabolic approximation. In the 
C’ method, defined by eqns (3) and (4), the distance d,(t) in (8) is given by 
lXf+pf 
di’ = ipitxi _ xi+,) _ ai(yi _ yi+,)14 {MXi - A(t)) - 4Yi + B(t))l* 
+ [&fyi - Yi+d - Bi(Xi - Xi+l)l[(yi - B(t))(xi - %+I - ai) 
- (xi - A(t))(Yi - yi+l - &)I)*. (9) 
We now put 
fi = b(fi)/A(ti) and fi+l = B(ti+l)/A(ti+l) 
in (4), and carry out Taylor expansions of (4) and (9) about the node (Xi, yi). After considerable 
manipulation, using MACSYMA, an algebraic symbol manipulator, we get 
ffi = C A(AB-SAj_~ h2+qh3) . . . . . . 6(AB-BA) 2 I ' 
B(A.._B.) B 
.~ .- --]h2+O(h3), 
6(AB-BA) 2 
and 
(10) 
(11) 
where h = (ti+l - ti)/T and r = (t - ri)/T, T being a normalising constant, nodes (xi, yi) and 
(xi+,, yi+i) correspond to r = 0 and h respectively and r E [O, h]. If the first terms are smaller 
than the second terms in the square brackets in (lo), then 
&+pf= (+?) h4+O(hS), 
and so 
where 
i 
h 
di?Od=36 e70 th9 +O(h'@), 
Jo 
K = max 
. *.. . ... 4 
(2 + P) (1; I !!) . (12) 
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PZS 
Kh4 
363 * 70 min (A*B*)“* 
+ O(h’). 
However, at a point of infiexiun 
* . . 
AB-ibi=O, 
and a Taylor expansion of (4) now gives 
ai=iAh +O(h*) 
and 
Pi = i Bh + O(h*). (15) 
Also, the denominator in (9) becomes 
[a (/iii - ,@)h”)-f. 
The remaining term in (9) is unchanged. Hence (9) now becomes 
do = (A* + B2)t4(r - hj4 + O(h3) 
I ph6 
9 
and so 
I ’ &(t)dt s&+O(h4) 0 
(13) 
(14) 
(16) 
(17) 
Hence 
K = max (A* + B*). 
P*s 
i?h* 
94.70 min (A* + B*)“* 
+ O(h’). 
(18) 
(19) 
GRAPHICAL STUDIES 
The above technique was implemented on three examples of closed curves. In each case the 
given curve, which is shown as a broken line, was digitised to produce data points. A crude 
automatic procedure was then used to select a subset of these points as nodes and a difference 
formula using adjacent data points was employed to calculate the slope of the curve at each 
node. Points of inflexion were forced to be nodes. The approximation obtained is shown as a 
solid line in each case. The graphical results are illustrated in Figs. l(a), l(b), 2(a), 2(b) and 3, 
the number of inflexion points, nodes and data points being given in each case. 
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Fig. I(a). The digitisation produced 62 data points. There are no inflexion points and the approximation 
(solid line) comprises seven parabolic arcs. An “x” represents an intlexion point, a ‘0” a node. 
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Fig. I(b). The digitisation produced 62 data points. There are no inflexion points and the approximation 
(solid line) comprises eleven parabolic arcs. 
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Fig. 2(a). The digitisation produced 82 data points. There are four inflexion points and the approximation 
(solid line) comprises eight parabolic arcs. 
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Fig. 2(b). The digitisation produced 82 data points. There are four inflexion points and the approximation 
(solid line) comprises 13 parabolic arcs. 
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Fig. 3. The digitisation produced 219 data points. There are ten inflexion points and the approximation 
(solid line) comprises 5 I parabolic arcs. 
Acknowledgemenfs-The authors are indebted to Prof. P. J. Davis for arranging facilities at the Division of Applied 
Mathematics, Brown University, Providence. R.I. and to NATO for financial support under Grant 1036. Some of the work 
was done by one of the authors (R. J. Y. McLeod) while at ICASE, NASA Langley Research Center, Hampton, Va., 
U.S.A. 
REFERENCES 
1. J. W. Daniel, Constrained approximation and Hermite interpolation with smooth quadratic spline: some negative results, 
1. Approx. Theory 17. 135-149 (1974). 
2. R. J. Y. McLeod, High order transformation methods for curved finite elements, /. Insf. Math Appl. 21.419-428 (1978). 
3. R. J. Y. McLeod and A. R. Mitchell, The use of parabolic arcs in matching curved boundaries, J. Inst. Maths. Appl. 16, 
239-266 (1975). 
4. E. L. Wachspress, A Rational Finite EIement Basis. Academic Press, New York (1975). 
